We examine the decelerating shock instability (DS!) with a linear perturbation theory. We also investigate the effect of the self-gravity on the instability of a decelerating shocked layer. We find' that the characteristics of the DSI can be obtained with a thin layer approximation and that the DSI is caused by the combination of the fluctuation of column density induced by the rippling of the shocked layer and the deceleration of the layer as a whole. There is a typical wavenumber k s ( =2/3 1/2 X (1-f3)-I!21 Vsol/C;) in the dispersion relation of the DSI, where /3 is the pressure ratio of the trailing side to the leading side of the shocked layer, Vso is the deceleration of the shock wave and Cs is the sound speed. The thermal pressure in the layer has a stabilizing effect especially at k < kmax• When the self-gravity plays an important role, the dispersion relation is found to be characterized by the parameter a=ks/kc, where k c =27CC(Jo/c;, C being the gravitational constant and (Jo the column density of the shocked layer. In the case a> 1, the layer is unstable only to the DSI. If a< 1, there are two types of instabilities. For the wavenumber k«kc-ks)/g(a, /3), where g(a, /3) is a factor of the order of unity, the layer is gravitationally unstable and for (kc-ks)/g(a, f3)<k«kc+ks)/g(a, /3), the layer is overstable and the instability is the DSI mode. This dispersion relations may be related to the hierarchical structure of clumps and cores observed in the star forming regions around H II regions. § 1. Introduction
The hydrodynamic shock waves are expected to play important roles in many astrophysical phenomena, especially in the formation of the structure. The shock waves are induced by supernova explosions, expanding H II regions, molecular outflows around protostars, stellar winds from young stars, and so on. These expanding shock waves sweep up the external matter and the swept matter will become the materials of the structure at the next stage.
Therefore the stabilities of shock waves have been investigated in various situations. Plane shock waves in a steady state have been known to be stable against rippling perturbation.l) The stabilities of decelerating shock waves have been investigated, especially in the last decade. Vishniac 2 ) studied the isothermal shock waves expanding spherically in a uniform medium with a thin shell approximation, and showed that it is overstable against linear perturbations and the smaller wavelength perturbation is more unstable. Ryu and Vishniac 3 ) investigated the stability of the self-similar solutions of adiabatic shock waves induced by point explosions in a uniform medium, and they got the dispersion relations. In the case of a point explosion, the shock waves are overstable if the adiabatic index r is smaller than about 1.2. The growth rate takes a maximum value at the wavelength of several times the scale height of the dense shell. However, shock waves are stable at wavelengths much longer or much shorter than this wavelength contrary to the Rayleigh-Taylor instability. Ryu and Vishniac 4 ) also investigated the case of winddriven bubbles and obtained qualitatively the same results. Vishniac and Ryu
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ness of the shell and showed that the shock waves are overstable and the growth rate of the perturbation takes a maximum at a finite wavelength.
This instability is probably attendant on the decelerating shock waves, but the studies on the mechanism and the characteristics of the instability are not sufficient. We will investigate the stability of decelerating shock waves with a simple approximation and clarify this instability.
There is an important astrophysical phenomenon related to the decelerating shock waves. Elmegreen and Lada 6 ) proposed a scenario on sequential formation of OB star subgroups. According to their scenario, an H II region formed by a group of OB stars expands in a. molecular cloud and a shock wave sweeps up the gas. Afterwards, the matter swept up by the shock becomes gravitationally unstable and fragmentation occurs. Elmegreen and Elmegreen
7
) studied the stability of the isothermal layer supported by the thermal pressure on both sides and showed that the layer is gravitationally unstable and the growth rate has the maximum for the perturbation wavelength several times the thickness of the layer. Welter 8 ) calculated the growth rate of the perturbation in the layer which is supported by the thermal pressure on one side and by balancing the ram pressure of the shock on the oiher side. Voie) investigated the incompressible sheet supported by unbalanced two thermal pressures and showed the coupling of the gravitational instability and the RayleighTaylor instability.
However, the shock-compressed layers around H II regions are supported by the thermal pressure on one side and the ram pressure on the other side, and the two pressures are not balanced. Thus, we expect that the instability related to a decelerating shock wave plays an important role. We must study the instability of the shocked self-gravitating layers; since in the scenario of sequential star formation the next generation of OB stars is finally formed by self-gravity. Elmegreen 10 ) calculated the evolution of an isothermal shocked layer and the growth of the perturbations in the evolving dense layer. However, the physical properties are not very clear with this tre<;l.tment because many factors are mixed complicatedly in the numerical calculation. Thus, we will study the instability of the shocked layer with a simplified treatment to clarify its properties.
In this paper we investigate the decelerating shock instability (DSI) with the averaged physical values. We investigate in § 2 the instability of isothermal decelerating shocked layer with a thin layer approximation and explain the mechanism and the characteristics of this instability, and in § 3 the case where the self-gravity of the layer plays an important part. We discuss some related problems in § 4 and summarize our results in § 5. § 2. Instability of the isothermal decelerating shock waves In order to clarify the mechanism and the characteristics of the DSI, we restrict ourselves to a simple case of the isotherrpal, sufficiently strong shock waves with the Mach number M= Vs/cs~l, where Vs and Cs are the shock velocity and the sound velocity, respectively, with negligible gravity. We assume that the shock wave advances to the z-direction in a uniform medium of density PE and that the backside of the dense layer is occupied by hot, tenuous gas with a finite pressure Pt • 2 ) We describe the dense layer at the shock with the surface density 6, the average position and velocity in the z-direction Z and Vz , and the average tangential velocity VT :
where p is the density, vz and VT are the velocities of the fluid in the z-and tangential directions, respectively, and Zs and Zt are the positions of the shock surface and the trailing surface of the dense layer, respectively. We note also VT=O in the unperturbed state. The equations of continuity and motion are
where P=cs 2 p is the pressure of the fluid. At the boundary z=Zs; we impose shock boundary conditions:
where u is the velocity of the fluid relative to the shock front, and the square brackets denote the difference of the enclosed quantity across the shock front. We adopt the approximation that the layer is extremely thin:
where h( =Zs-Zt) is the thickness of the shocked layer and_k is the wavenumber of the perturbation and Tp is the perturbation time scale. We obtain the time derivatives of the averaged physical quantities 6, Vz and VT from Eqs. 
where [7 T denotes the derivative in the tangential direction. From Eqs. (2 ·11) ~ (2 ·13) the unperturbed equations become
where the subscripts 0 refer to unperturbed quantities. The perturbation equations are
where the subscripts 1 refer to ,perturbed quantities and 0= (Jd(Jo. We assume for simplicity that the changing time scale of the unperturbed state is sufficiently longer than the perturbation time scale
This assumption corresponds to the neglect of the evolution effects of the unperturbed state. We will examine the validity of this approximation. With Eq. (2·19), Eqs.
From Eq. (2·10), we can regard that the internal structure of the layer reacts quasi -statically to the evolution of the perturbations. Therefore, the structure of the layer can be given by 
Therefore, from Eqs. On the other hand for ;3~1/2, the thin layer approximation is fairly good at k-:::;kmax, though it is not good enough at k < ks//(;3).
We will evaluate the ratio of the magnitudes of the two terms on the right-hand side of Eq. (2·31). From Eqs. (2·21) and (2·15) we obtain After all, the pressure term of the shocked layer is important at k;C kmax and the wavelength corresponding to kmax is not directly related with the layer thickness h.
Neglecting the shell pressure term for all cases Vishniac 2 ) found that the shocked shell is overstable, but the growth rate of the smaller wavelength perturbation is greater different from our results. Thus, we can understand that this instability is stabilized by thermal pressure force of the dense shell for large k. The thermal pressure of the shell prevents the increase of 0 and the shocked shell is stabilized. The shell pressure term can be neglected only at k«;kmax and this limits the applicability of Vishniac's approximation. Vishniac also insisted that thin shell approximation breaks down if kh > 1 and the perturbation becomes stable, and that the perturbation is most unstable when k-:::;l/h. This is not accurate as we have shown above.
We can understand the mechanism of overstability as follows. We can see the driving force of this instability from Eqs. the shock surface is flattened, the acceleration in the tangential direction becomes zero but the tangential velocity is maximum. Thus, the matter is gathering more and the forward acceleration of the gathered matter becomes larger because deceleration of it becomes more smaller. As a result of this the oscillation becomes overstable (growing oscillation).
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flow in the tangential direction to the shock surface, the dense layer is accelerated in the tangential direction. This force overwhelms the Rayleigh-Taylor type acceleration force. Thus, matter is gathered to caved places. (c) In the caved places where matter is gathered, the column density is higher than in the other places while the decelerating force is the same everywhere within the linear approximation. The deceleration therefore becomes smaller and the caved places go forward faster than the other places. (d) WhEm the shock surface is flattened, the acceleration in the tangential direction becomes zero but the tangential velocity is maximum. Thus, the matter is still gathering and the forward deceleration of the gathered matter becomes even smaller. As a result the oscillation becomes overstable (growing oscillation). Thus, since the acceleration force which gathers the matter is essentially induced by the mass flow which has a momentum in the direction tangential to the shock surface, the tangential flow of the gas is mainly near the shock surface.
We also estimate the efficiency of this instability. We can rewrite Eq. (2·36) as
If (3 is not very small, this instability is efficient when the Mach number M is large. Thus, when M is large enough we can neglect the evolution of the unperturbed state because Tp -l=l3r at k=kmax.
Ryu and Vishniac 3
) investigated the stability of the self-similar solutions for adiabatic shock waves in a uniform medium, and obtained the dispersion relations. In the case of point explosion, the shocked shells are overstable if the adiabatic index r is smaller than about 1.2 and stable for r < 1.2. We understand the reason of this as follows. For the case of sufficiently strong adiabatic shock, we have
Then in the case of large r, the growth rate of the DSI is small as seen from Eq. (2·43) and damping effect caused by shell expansion may be superior to the DSI and shocked shell becomes stable.
Vishniac and Ryu
5
) investigated the stability of isothermal decelerating shock waves by taking into account the thickness of the shocked layer accurately. However, the dispersion relation found by them is very complicated. On the other hand, with the thin layer approximation, we find a simple dispersion relation as Eq. (2·33), and we can see that the wavenumber corresponding to the maximum growth rate is kmax( =ks/(2f«(3))), which is not directly related with the layer thickness h. Moreover, we. can investigate approximately the instability of the shocked layers with self-gravity as shown in § 3. § 3. Instability of the shocked layers with self-gravity
We will investigate the instability of shocked layers by taking into account the effect of the self-gravity. The self-gravity finally becomes important in the process of star formation in shocked layers. We will investigate the isothermal plane-parallel shocked layers with self-gravity, with an approximation that the thickness of the layer is much smaller than the wavelength of the perturbation for simplicity, because we have shown above that the essence of the DSI can be understood with this approximation.
With the self-gravity, Eq. (2 -22) is modified to
where C is the gravitational constant. The last term comes from the self-gravity and is obtained by assuming that the perturbed surface density 01 has a form e ik · x • We assume that the internal structure of the layer reacts quasi-statically to the evolution of the perturbations, similarly to the case without self-gravity. The equation of motion in the z-direction and Poisson's equation are
where ¢ is the gravitational potential. Assuming again that the evolution effects of the layer can be neglected and that perturbed quantities are proportional to eiwt+ik.x, Eq. (3-3) is rewritten as (3) (4) We evaluate order of the ratio of the second and the third term on the left-hand side of Eq. (3 -4) in the layer
Since we assume kh<f:..1, we neglect the third term of the left-hand side of Eq. (3 :4) and we have
We have the density structure from Eqs. (3-2) and (3-6) as p(z) (3) (4) (5) (6) (7) where Zo is defined to the position where ap/az=o and the scale height, He, is 
We assume that Ps and /3(=Ps/Pt) do not change with perturbation, since we assume that the changing time scale of the unperturbed state is much longer than the perturbation time scale. Therefore, after some algebraic calculations, with Eqs. Figure 4 shows the nondimensional growth rate for a=2.
For a< 1, there are two types of instabilities. For the nondimensionalwavenumber x < 1 -a, the layer is gravitationally unstable and the nondimensional growth rate is ---- 
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For the nondimensional wavenumber of 1-a< x < 1 + a, the layer is overstable to the DSI mode and the growth rate is again given by Eq. (3·20). The layer is stable at x ;;:::1 +a. Figure 5 If a::}> 1, this instability approaches pure DSI as discussed in § 2. We are interested only in the case a;(: 1, since as a approaches zero, this instability approaches pure gravitational instability.
We can rewrite ks and ke as
'where g( =27rC(JoexZso ) is the gravitational acceleration of the shocked layer. Therefore, if (3 ~ 1/2, the instability can be characterized by the ratio of the decelerating acceleration of the shocked layer, I Vsol, and the self-gravitational acceleration, g. For a fixed (3, we find from Eq. (2 ·15) that the ratio I Vsol /g( ex a) is proportional to The shocked layer sweeps up the matter and the column density increases . with time. Thus, the character of the instability changes at the time t = tcrop, where tcroP is the time when a becomes unity. In early stages of the evolution of the shocked layer, t < tcrop, the dense layer is subject to the DSI because of the small column density of the shocked layer (Jo, and the large shock velocity Vso. If the DSI is efficient and develops to a nonlinear stage at t < tcrop, the dense layer may break up but the fragments may not be gravitationally unstable. Afterward, at t > tcroP, the dense layer becomes gravitationally unstable for the fairly large scale length, x < 1-a, when the column density becomes large. For smaller scale, 1 -a< x < 1 + a, the shocked layer is subject to the DSI.
At early stages, t < tcroP, the DSI is superior (a> 1) and the criterion for the DSI is k«ke+ks)/g(a, (3). The effect of the self-gravity on the DSI is to extend the range of the wavenumber at which the layer is unstable. The reason of this is as follows. As shown in § 2 the DSI is stabilized by the pressure of the layer at the wavenumber k;;::: ks!f ((3) . The pressure in the layer obstructs the flow of the gathering gas. On the contrary, the self-gravity promotes the flow of the gathering gas. Thus, the selfgravity reduces the effect of the pressure and the layer is more unstable to the DSI if
At later stages, t > tcr,p, the gravitational instability is superior (a< 1). If the efficiency of the DSI is negligible (a~l), the criterion for gravitational instability is x < 1. If a is finite, the width of wavenumber at which the layer is gravitationally unstable is reduced by the effect of the DSI.
If Zso is proportional to ta, we cap estimate tcr,p. The criterion for the gravitational instability of the shocked layer, a< 1, is rewritten as where tA=(GpE)-1/2) is the free-fall time of the external matter, and we neglect the difference between Zo and Zso, since we assume kh~1. In the case Zs(X ta, Zso/Vso IS equal to t/a and Eq. (3-27) becomes
Thus, tcr,p is several times smaller than t f . § 4_ Discussion
If we neglect the change of g(a, P') with a, at the late stage t > tcr,p, with 1/3< a < 1, the growth rate of the instability has a maximum at two wavenumbers,
1-a
The former is obtained from Eq. (3 -22) with the positive sign and the latter from Eq. (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) (15) (16) (17) (18) (19) (20) . Equation (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) (15) (16) (17) (18) (19) (20) (21) (22) with the negative sign gives a smaller growth rate and does not take a maximum. The perturbation with the wavenumber corresponding to Xl is gravitationally unstable and the dense layer brea:ks into fragments approximately at this wavelength which can collapse with their own gravity. On the other hand, the perturbation with the wavenumber X2, is unstable only to the DSI. However, if the perturbed column density grows up to a nonlinear stage, each fragment may collapse with the self-gravity because X2< 1. This may cause the complicated structure of clumps and cores. The expected time scale for the formation of the next generation stars is somewhat longer than tcr,p which is somewhat smaller than the free-fall time of the external matter tf.
At the early stage t < tcr,p, if the DSI is efficient and grows to a nonlinear stage, the dense layer may break up. But the fragments may not be gravitationally unstable, because the column density of the dense layer is fairly small. In case of the shock wave induced by expansion of an H II region, the fragments may become globules, which are seen around H II regions.
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However, the background evolves with time and the wavelengths mentioned above change with time. Therefore, we must estimate the evolution effects of the background especially for the case where the Mach number is not so large and the growth rate of the instability is not much larger than the evolution rate of the background (see Eq. (2·43». Elmegreen 10 ) investigated the instability of the isothermal shocked layers with self-gravity for the initial Mach number M;=10, 40 and 160. He investigated numerically the evolution of the plane shocked layer and the evolution of perturbation with the linear approximation on the evolving dense plane. He also adopted thin layer approximation with the assumption that the internal structure of the layer reacts quasi-statically to the evolution of the perturbations. He showed a monotonic collapse (he called the G-mode) in the case of relatively small K( == csk/2TC j GPE), a collapse after one oscillation (the E-mode) in the case of intermediate K, and nearly stable oscillation (the P-G oscillation) in the case of large K. He also showed that the maximum growth rates r are several x tf -1 for the G-mode and several X (Md10)Ptf -1 with p~0. 6 for the E-mode with the fitting formula.
We can easily understand the above results qualitatively as follows. Elmegreen calculated the evolution of the shocked plane until t = t; + tf which is driven by the thermal pressure proportional to the -3/2 power of the distance from the expansion center. With the initial condition Zso=O at t=O and neglecting the thickness of the shocked layer, we obtain a self-similar solution in which the shock velocity changes approximately as Vsocx:: r 3/7 and (3~1/4. We assume that a perturbation on the shocked plane sets in at a time t = t; at which the initial Mach number is M; and the initial position of the shock surface is Zs;. For the above self-similar solution with Vsocx:: r 3l7 , t; is (4/7)(ZsdVs;). We investigate the condition for the monotonic collapse (Elmegreen's G-mode).
In the early stage of the shock evolution (t < tcr,p), the shocked layer is unstable only to the DSI. After t = tcr,p, the perturbation for the wavenumber k < kc -ks is unstable to the gravitational mode, and therefore the perturbation grows monotonically after t=tc(k), where tc(k) is determined from (kc-ks)t=tG(k)=k. Thus, the condition for the monotonic collapse is that the shocked layer does not oscillate before t = tc(k).
Then we obtain the condition (4 ·3) where Q is the oscillation frequency of the shocked layer. where we have assumed tcr,plti» 1. I case that cs=l km s-I, ZSi=lpc, and the hydrogen number density of the external matter nH2=100 cm- The perturbation with Kmon< K< Kosc is a growing oscillation at first and grows monotonically after t > te(k) (Elmegreen's E-mode). These criteria are qualitatively consistent with the results of Elmegreen. We estimate the maximum growth rate for the case of monotonic collapse below. For infinitesimally small wavenumber, the growth rate of the gravitational instability is infinitesimally small. Thus, the growth rate has a maximum at a wavenumber somewhat smaller than Kmon in the case of monotonic collapse. Elmegreen suggested that the maximum growth rate occurs at K~0.6 Kthresh for the G-mode, where KthreSh is the threshold wavenumber in his calculation between the G-mode and the E-mode. Thus, we estimate that the maximum monotonic growth rate occurs at the wavenumber KM 
Since the growth rate corresponding to M2 is larger than that of Ml, the dense layers fragment to cores with mass M2, and M2 probably corresponds to the masses of the next generation OB stars. At this time, the structure corresponding to Ml is forming slowly. We will estimate the masses of fragments formed around a spherically expanding H II region. In the case of spherical expansion, though growth rates of instabilities are reduced by the effects of background evolution, the wavenumbers where the growth rate takes maximums do not change much, probably if kRso'P 1. Thus, to estimate the fragment masses, we use the formulae for the plane-parallel shock waves, essentially. However, we must revise the above equations with /3=3/4 and O'o=PERso/b, where b is the configuration factor of the shock wave and b=3 for a spherically expanding shock wave. Then the critical time of the spherical H II region is tcr,p=btcr,p and Eqs. (4·18) and (4·19) are revised as ill,s=~=2.8 pc b 2 ( 10 3 cm- Vso~2.2X10 cms 8000K 1pc
where TIl is the temperature of the H II region and rs is the Stromgren radius given (4·28)
The mass M2.S approximately corresponds to the masses of OB stars. Since Eq.
(4·28) has very weak dependence on nH2, masses of OB stars are essentially determined by Til and T, which are affected by the abundance of heavy elements in the gas through the cooling rate. Thus, the initial mass function of early type stars is influenced by the composition of the gas. § 
Conclusion
We have investigated the decelerating shock instability (DSI) by the linear perturbation theory. We have also studied the instability of a decelerating shocked layer with self-gravity. The main results are as follows:
1. The characteristics of the DSI can be obtained with the thin layer approximation. This instability is caused by the combination of the fluctuation of the column density induced by the rippling of the layer and the deceleration of the layer as a whole.
2. The growth rate of this instability has a maximum at the wavenumber kmax. The thermal pressure in the layer has a stabilizing effect especially at k <: kmax and the layer is stable at k > ks//(/3).
3. The maximum growth rate rmax depends on the Mach number M, or the ratio of the density at the shock surface. If the pressure ratio /3 is not so small, rmax::::: Mre-I, where re is the evolution time scale of the background.
4. When the self-gravity plays an important part, the dispersion relation is characterized by the parameter a, which is the ratio of ks to kG. In the case a> 1, the shocked layer is unstable only to the DSI. If a< 1, the layer is unstable to either the mode of gravitational instability or to the mode of DSI, depending on the wavenumber of the perturbation. For the wavenumber k< (kG-ks)/g(a, (3) , the layer is gravitationally unstable and for (kG-ks)/g(a, (3)<k«kG+ks)/g(a, (3) , the layer is overstable and the instability is the DSI mode. If 1/3;S a;S 1, the growth rate of the instability has maximums at two wavenumbers corresponding to two instability modes, respectively. This interesting dispersion relation may cause the hierarchical structures of clumps and cores, which are observed in the star forming regions around H II regions; 5. If the evolution effects of the background are not negligible, we can understand the instability considering the time ev'olution of the simple dispersion relation. In the case that Rso is proportional to t a , we find the critical time tcr , when the characteristics of the dispersion relation changes and if the ratio of tcr to tf is determined only by the parameters a, b, and fJ(t cr = abfJl/4(1-fJ)l!4rc-1/2tf), where b is the parameter determined by the configuration of the shock wave and fJ is the pressure ratio of the trailing side to the leading side of the shocked layer. tcr is sometimes smaller than the free-fall time tf of the external matter. If t < tcr, we have a> 1 and if t > tcr, we have a<1.
6. We can understand qualitatively the results of Elmegreen 10 ) with our simple dispersion relation considering the evolution effects of the background. The difference between Elmegreen's G-mode and E-modeis apparent and caused by the amount of oscillation before t = tc(k) when the instability of the perturbation changes from the DSI to the gravitational instability and oscillation stops.
7. The mass scale corresponding to the maximum growth of the DSI at tcr roughly agrees with the masses of OB stars if the background evolution corresponds to H II regions around OB stars. This mass scale very weakly depends on the density of the external matter nHz.
